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Number Patterns

Simple Number Patterns

A list of numbers which form a pattern is calledesguence In this section, straightfor-
ward sequences are continued.

Worked Example 1

Write down the next three numbers in each sequence.

@ 2, 4,6, 8, 10, ... (b) 3,6, 9, 12, 15, ...

Solution

(@) This sequence is a list of even numbers, so the next three numbers will be
12, 14, 16.

(b)  This sequence is made up of the multiples of 3, so the next three numbers will
18, 21, 24.

Worked Example 2

Find the next two numbers in each sequence.
(@ 6, 10, 14, 18, 22, ... (b) 3, 8, 13, 18, 23, ...

Solution

(@) For this sequence the difference between each term and the next term is 4.

Sequence 6, 10, 14, 18, 22,
AVERVER VARV
Difference 4 4 4 4

So 4 must be added to obtain the next term in the sequence. The next two tern
22 +4=26

and 26 +4 =30,

giving 6, 10, 14, 18, 22, 26, 30, ...

(b)  For this sequence, the difference between each term and the next is 5.

Sequence 3, 8, 13, 18, 23,
VARV
Difference 5 5 5 5

Adding 5 gives the next two terms as
23+5=28
and 28 +5 =33,
giving 3, 8, 13, 18, 23, 28, 33,

be

ns are
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Exercises

1. Write down the next four numbers in each list.

@ 1,35 709, ... (b) 4, 8, 12, 16, 20, ...

(c) 5, 10, 15, 20, 25, ... d) 7, 14, 21, 28, 35, ...

(e) 9, 18, 27, 36, 45, ... f 6, 12, 18, 24, 30, ...

(g) 10, 20, 30, 40, 50, ... (h) 11, 22, 33, 44, 55, ...

() 8, 16, 24, 32, 40, ... () 20, 40, 60, 80, 100, ...

(k) 15, 30, 45, 60, 75, ... () 50, 100, 150, 200, 250, ...

2. Find the difference between terms for each sequence and hence write down th
next two terms of the sequence.

(@) 5, 8, 11, 14, 17, ... (b) 2, 10, 18, 26, 34, ...
() 7,12, 17, 22, 27, ... (d) 6, 17, 28, 39, 50, ...
(e) 8, 15, 22, 29, 36, ... (f) 23, 3,33, 4,45, ...
(9) 4, 13, 22, 31, 40, ... (h)y 26, 23, 20, 17, 14, ...
(i) 20, 16, 12, 8, 4, ... () 18, 14, 10, 6, 2, ...
(k) 11, 8, 5, 2,1, ... () -5, -8, -11, -14, -17, ...
3. In each part, find the answers to (i) to (iph a calculator and the answer to (v)
withouta calculator.
@ (@@ 2x11=7? (b) () 99x11=7?
(i) 22x11=7 (i) 999x11 =7
(i) 222x11 =7 (i) 9999 x11 = ?
(iv) 2222x11=7? (iv) 99999 x 11 = ?
(v) 22222x11=7? (V) 999999 x 11 = ?
() () 88x11=7 d @ 7x9=7
(i) 888x11="7? (i) 7x99=7
(i) 8888x11 =7 (i) 7x999 = ?
(iv) 88888x11 =7 (iv) 7x9999 = ?
(v) 8888888x11 =7 (v) 7%999999 = ?

4, (@) () Complete the following number pattern:

11 = 11

11x11 = 121
11x11x11 = ?
? = ?

(i)  Look at the numbers in the right hand column. Write down what yo
notice about these numbers.
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(b)  Use your calculator to work out the next line of the pattern. What do you

notice now?
(NEAB)
5. 9x2= 18
9x3= 27
9x4= 36
9x5= 45
9x6= 54
9x7= 63
9x8= 72
9x9= 81

(@ () Complete the statement,
The units digits in the right hand column, in order, are 8, 7, 6, . .
(i) Complete the statement,

The tens digits in the right-hand column, in order, are 1, 2, 3, . ..

(i)  What is the connection between the answers to parts (i) and (ii)?

(b)  The numbers in the right-hand column go up by 9 each time. What else do
you notice about these numbers?
(MEG)

Recognising Number Patterns

This section looks at how the terms of a sequence are related. For exarfitetiaeci
sequence:
1,1, 2, 3,5, 8, 13, ...

is obtained by adding together two consecutive terms to obtain the next term.

1+1 =2
1+2=3
2+3=5
3+5=8
5+8= 13

Worked Example 1
The sequence of square numbers is

1, 4, 9, 16, 25, 36, ...
Explain how to obtain the next number in the sequence.
Solution

The next number can be obtained in one of two ways.
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Worked Example 2

Describe how to obtain the next term of each sequence below.

(@ 3, 10, 17, 24, 31, ... (b) 3, 6, 11, 18, 27, ...
(c) 1,5, 6, 11, 17, 28, ...
Solution
(&) Finding the differences between the terms gives
Sequence 3, 10, 17, 24, 31,
AV VERVE
Difference 7 7 7 7
All the differences are the same so each term can be obtained by adding 7 to the
previous term. The next term would be
31+7 = 38.
(b) Here again the differences show a pattern.
Sequence 3, 6, 11, 18, 27,
VARV VERVE
Difference 3 5 7 9
Here the differences increase by 2 each time, so to find further terms add 2 more
than the previous difference. The next term would be
27 +11 = 38.
(c) The differences again help to see the pattern for this sequence.

MEP Pupil Text 12

The sequence could be written,
12 22 32 42 52 62

and so the next term would b&® = 49.
Calculating the differences between the terms gives

Sequence 1, 4, 9, 16, 25, 36, ...
AR VERVER VRNV
Difference 3 5 7 9 11

The difference increases by 2 each time so the next term woud bel3 = 49.

Sequence 1, 5, 6, 11, 17, 28,
ARV VIRV

Difference 4 1 5 6 11

If the first difference, 4, is ignored, the remaining pattern of the differences is the

same as the sequence itself. This shows that the difference between any two terms

is equal to the previous term. So a new term is obtained by adding together the two

previous terms. The next term of the sequence will be

17 + 28 = 45.
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Worked Example 3

A sequence of shapes is shown below.

OO

Write down a sequence for the number of line segments and explain how to find the
number in the sequence.

Solution
The sequence for the number of line segments is
4, 8, 12, 16, ...

The difference between each pair of terms is 4, so to the previous term add 4. Then
next term is16 + 4 = 20.

This corresponds to the shape opposite, which has 20 line seg @»

Exercises

1. Find the next two terms of each sequence below, showing the calculations whi
have to be done to obtain them.

(@) 5, 11, 17, 23, 29, ... (b) 6, 10, 15, 21, 28, ...
c) 22, 19, 16, 13, 10, ... (d) 30, 22, 15, 9, 4, ...
(e) 50, 56, 63, 71, 80, ... f 2, 2 4, 8 14, 22, ...
(@) 6, 11, 16, 21, 26, ... (h)y 0, 3,8, 15, 24, ...
() 3,6, 12, 24, 48, ... G) 1, 4, 10, 22, 46, ...

(k) 4, -1, -11, -26, -46,...

2. Asequence of numbers is
1, 8, 27, 64, 125, ...

By considering the differences between the terms, find the next two terms.

3. Each sequence of shapes below is made up of lines which join two points.
For each sequence:

(i)  write down the number of lines, as a sequence;
(i)  explain how to obtain the next term of the sequence;
(i) draw the next shape and check your answer.

VANV A VAN AVANN AV AVS
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(b)

NN

@ 1]

Write down a sequence for the number of dots in each pattern. Then explain h
to get the next number.

(a)o ° ° ° °
o o o o o o o o

e o o e o o e o o

e o o o e o o o

(b) . . . . .

L] L] L] L] L] L] L] L]
L] L] L] L] L] L] L]
L] L] L] L] L] L]
° ° ° ° °
° L] ° °
° ° °
° °
L]
L] L] L] L] L] L] L] L] L] L] L] L] L] ° L]
(C) L] L] L] L] L] ° L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
L] L] L] ° L] L] L] L] L] . L] . L] L] L]

(d) ° ° ° .

L] L] L] °
L] L] L] L] L]
L] L] L] L] L]

L] L] o L] L]
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0T,
RN

5. (@) Describe how the sequence

1, 4, 9, 16, 25, 36. ...
is formed.

(b)  What is the relationship between the sequence in (a) and the sequences
below? For each sequence explain how to calculate the terms.

() 3,6, 11, 18, 27, 38, ... (i) -1, 2, 7, 14, 23, 34, ...
(i) 2, 8, 18, 32, 50, 72, ... (i) 4, 16, 36, 64, 100, 144, ..|.

6. (a) Describe how the sequences below are related.
i 1,1, 2 3,5, 8 13, 21, ...
(i) 4, 4,5, 6, 8, 11, 16, 24, ...
(i) -1, -1, 0, 1, 3, 6, 11, 19, ...

(b) Describe how to find the next term of each sequence.

7. A computer program prints out the following numbers.
1 2 48 11 16 22

When one of these numbers is changed, the numbers will form a pattern.

Circle the number which has to be changed and correct it.

Give a reason why your numbers now form a pattern.

(SEG)
8. Here are the first four numbers of a number pattern.
7, 14, 21, 28, ..

(@  Write down the next two numbers in the pattern.

(b) Describe, in words, the rule for finding the next number in the pattern.
(LON)
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To generate a sequence of numbers, Paul multiplies the previous numbe
the sequence by 3, then subtracts 1.
Here are the first four numbers of his sequence.
1, 2,5, 14, ...
Find the next two numbers in the sequence.
Here are the first four numbers of the sequence of cube numbers.
1, 8, 27, 64, ...

Find the next two numbers in the sequence.
(MEG)

12 1 2 3 52 q
N N N N N

2

The numbers ifRow 20f the above pattern are found by using pairs of numbers
from Row 1 For example,

(@)
(b)

(@)

(b)

(@

(b)

7=19-12
9=28-19
By considering the sequenceRow 2 write down the value qd.
Find the value of.
(MEG)
A number pattern begins
4, 8, 12, 16, 20, 24, ...
Describe the number pattern.
Another number pattern begins
1, 4, 9, 16, 25, 36, ...
()  Describe this number pattern.

(i)  What is the next number in this pattern?

Each number in this pattern is changed to make a new number pattern.
The new number pattern begins

-1, 2, 7, 14, 23, 34, ...

(i)  What is the next number in the new pattern?

Explain how you found your answer.
(SEG)

()  Write down the multiples of 5, from 5 to 40.
(i)  Describe the pattern of the units digits.

Sequenc® is
3, 6,9 12, 15, 18, 21, ...

Explain how sequendeis produced.
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(c) Copy and complete the table below.

Sequence P — Add 1 and then multiply by 2 - Sequence Q
3 - 3+1=4, 4x2=8 - 8
6 - 6+1=7, 7x2=14 - 14
9 - ? ? - ?
12 - ? ? . 2
15 - ? ? - ?
18 - ? ? - ?

(d) (i) Find the next two terms in the sequence
1, 4, 10, 19, 31, 46, 64, ...

(i)  Explain how you obtained your answer to part (d) (i).
(MEG)

Extending Number Patterns

A formula or rule for extending a @gence can be used to warkt any term of a sequence
without working out all the terms. For example, the 100th term of the sequence,

1, 4, 7, 10, 13, ...

can be calculated as 298 without working out any other terms.

Worked Example 1
Find the 20th term of the sequence

8, 16, 24, 32, ...

Solution

The terms of the sequence can be obtained as shown below.

Istterm = 1x8 = 8

2ndterm = 2x8 = 16

3rdterm = 3x8 = 24

4thterm = 4x8 = 32
This pattern can be extended to give

20th term = 20 x 8 = 160

Worked Example 2

Find the 10th and 100th terms of the sequence
3,5 7,9 11, ...
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Solution

The terms above are given by
Istterm = 3
2ndterm = 3+2 =5
rdterm = 3+2x2
4thterm = 3+3x2

S5thterm = 3+4x2 =11
This can be extended to give
10thterm = 3+9x2 = 21
100thterm = 3+ 99 x 2= 201.

Worked Example 3

Find the 20th term of the sequence
2, 5, 10, 17, 26, 37, ...

Solution

The terms of this sequence can be expressed as

Istterm = 1°+1
2ndterm = 2°+1
3rdterm = 3+1
Athterm = 4%+1
Sthterm = 5%+1

Extending the pattern gives

20thterm = 20%+1 = 401.

Exercises

1. Find the 10th and 20th terms of each sequence below.

(@) 4, 8, 12, 16, 20, ... (b) 5, 10, 15, 20, 25, ...
(c) 11, 21, 31, 41, 51, ... @d 7,9 11, 13, 15, ...
() 5,9, 13, 17, 21, ... (fH 20, 19, 18, 17, 16, ...
(g) 50, 44, 38, 32, 26, ... (h) 22, 25, 28, 31, ...

() 8 7, 6,5, 4,... G) -4, 0, 4,8, 12, ...

) 7, 12, 17, 22, 27, ... N 32, -7, -12, ...
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(@)  Find the 10th term for each of the two sequences below.
() 3,6, 11, 18, 27, ... (i 5 6,78 09, ...

(b) Hence find the 10th term of the sequences,
() 8, 12, 18, 26, 36, ... (i) 15, 36, 77, 144, 243, ...
(i) -2 0, 4, 10, 18, ...

(a) Find the 20th term of the sequences below.
() 4,9 14, 19, 24, ... (i 3,5 7, 9 11, ...
(b)  Use your answers to (a) to find the 20th term of the sequence
12, 45, 98, 171, 264, ...

(a) By considering the two sequences
1, 4, 9, 16, 25, ...
1, 2,3, 4, 5, ...
find the 10th term of the sequence
0, 2, 6 12, 20, ...

(b)  Find the 10th term of the sequence
0, 6, 24, 60, 120, ...

For each sequence of shapes below find the number of dots in the 10th shape

(a)oooo e o o o o e o o o o o e o o o o o o
e o L] L] L] L] L] L]
e o o o e o o o o e o o o o o e o o o o o o
(b)oo e o o e o o o e e o o o
e o ° ° ° ° ° .
e o o ° ° ° .
e o o o ° .
e o o o o
(©)

Patterns of triangles are made using stidkse first three patterns are drawn below.

Pattern 1 Pattern 2 Pattern 3
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Pattern number| 1 2 3

Number of sticks 5 9| 13

(@ How many sticks hagattern £
(b) A pattern needs 233 sticks. What is the number of this pattern?

(c) (i) How many sticks are needed to médatern 10Q@

(i)  Explain how you found your answer.
(SEG)

Formulae and Number Patterns

This section considers how the terms of a sequence can be found using a formula ar
how a formula can be found for some simple sequences. The terms of a sequence ¢
described as

U;, Uy, Uz, Uy, U, ...

whereu, is the first termu, is the second term and so on. Consider the sequence
1, 4, 9, 16, 25, ...

u = 1 =1x1
u, = 4 = 2x2
u; = 9 = 3x3
u, = 16 = 4x4
up = 25 = 5x5
This sequence can be described by the general formula

=n-.

Worked Example 1

Find the first 5 terms of the sequence defined by the formuyla= 3n + 6.

Solution
u =3x1+6 = 9
u, =3x2+6 =12
u; =3x3+6 =15
u, =3x4+6 =18
U =3x5+6 =21
So the sequence is 9, 12, 15, 18, 21, ...

d
an be

Note that the terms of the sequence increase by 3 each time and that the formula contains

a'3n’.
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Worked Example 2

Find the first 5 terms of the sequence defined by the formula

u, = 5n-4.
Solution
u =5x1-4 = 1
u, =5x2-4 = 6
u;, =5x3-4 =11
u, =5x4-4 =16
up =5x5-4 =21

So the sequence is
1, 6, 11, 16, 21, ...

Here the terms increase by 5 each time and the formula cont&im's a '

In general, if the terms of a sequence increase by a constant adh@aact) time, then
the sequence will be defined by the formula

u, =dn+c

wherec is a constant number.

Worked Example 3

Find a formula to describe each of the sequences below.
(@) 13, 20, 27, 34, 41, 48, ... (b) 1, 12, 23, 34, 45, 56, ...

Solution

(@) First find the differences between the terms.

Sequence 13, 20, 27, 34, 41, 48.
AVERVERVER VIRV
Difference 7 7 7 7 7

As the difference between each term is always 7, the formula will contam a '
and be of the form

u =7n+c.

n

To find the value o€ consider any term. The first one is usually easiest to use.

Here, usingn =1 and u, = 13 gives

13 =7x1+c
13 =7+c
c = 6,

so the formula is
u, = 7n +6.
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Note

Always checkthat the formula is correct for other terms, eng= 2 and n = 3. In this
case,

7Tx2+6

u, 20

7x3+6 = 27

and Us
so the formula holds.
(b) Again start by finding the differences between the terms of the sequence.

Sequence 1, 12, 23, 34, 45, 56,
AV RV ARV ARV
Difference 11 11 11 11 11

The difference is always 11 so the formula will contaim"ahd will be

u, = 1in+c.

Using the first term, i.en =1 and u, =1, gives

1=11x1+c
1=11+c
c = -10,
so the formula is
u. =11n-10.

n

[Check u, =11x2-10 = 12 and u; = 11 x 3-10 = 23, which are correct.]

Worked Example 4

The 7th, 8th and 9th terms of a sequence are 61, 69 and 77 respectively. Find a formd

describe this sequence.

Solution

Looking at the differences,

Sequence 61, 69, 77,
NSNS
Difference 8 8

you can conclude that the sequence must be of the form

u, = 8n+c.

n

For n=7, u, = 56+ c, giving c=5.

Thus the formula to describe the sequence is

u, = 8n+5.

n

275

lato




12.4

MEP Pupil Text 12

Note
A more general way of tackling this type of problem is to fit the linear sequence
u, = dn+c
to the given information.
In this case,
u, = 7d+c =61
and ug = 8d+c = 69.

Subtracting u, from ug gives d =8 and substituting fod in either of the two
equations givesc = 5.

Thus, as before,

u, = 8n+5.

Exercises

1.

Use the formulae below to find the first 6 terms of each sequence.
@ u, =4n+1 (b) u,=5n-7 () u, =10n+2

d u,=r-1 (e) u, =2 +1 f u, =2

n

The sequences described by the formulae,

u,=8n-2, u,=3n+5 u,=r+1, u,=r-1

n

are given below. Select the formula that describes each sequence.

(@) 0, 7, 26, 63, 124, ... (b) 8, 11, 14, 17, 20, ...
(c) 6, 14, 22, 30, 38, ... d) 2, 5,10, 17, 26, ...

Find the 20th term for each sequence below.

(@ u,=4n (b) u,=3n-50 () u,=4n+7
d) u.=2n-40 e) u=n"-4 f u ="
(d) u, (e) u, ® "~ 20

Consider the formula for the sequence below.
8, 15, 22, 29, 36, 43. ...

(@) Explain why the formula contairi&.

(b)  Find the formula for the sequence.
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Find the formula which describes each sequence below.

(@ 4, 9, 14, 19, 24, ... (b) 11, 14, 17, 20, 23, ...

) -2, 4, 10, 16, 22, ... (d) 100, 98, 96, 94, 92, ...
1 1

e 1,11 2 2% 3 ... ® 5-2, -9, -16, 23, ...

1 1
(g) 10! 951 9! 851 8, e

Which of the sequences below are described by a formula of the form
u, =dn+c?

Where possible, give the formula.

@ 1,1,2 3,5,8, ... (b) 2, 10, 18, 28, 46, 74, ...

() 0O, 3, 8, 15, 24, 35, 48, ... d 1, 2, 4,7 11, 16, ...

(e) 1,11, 12,13, 14,15, ...

® 1, 1.1, 1.21, 1.331, 1.4641, 1.61051, ...

(90 3,7, 11, 15, 19, 23, ...

Write down the first 6 terms of the sequengg= n®. Then use your answer to
write down formulae for the following sequences.

(@) 3, 6, 11, 18, 27, 38, ... (b) -4, -1, 4, 11, 20, 31, ...
c) 2, 8, 18, 32, 50, 72, ... (d) 0, 6, 16, 30, 48, 70, ...
(e) 99, 96, 91, 84, 75, 64, ...

By considering the sequence describeduqy= n®, find formulae to describe
the following sequences.

(@ 0, 7, 26, 63, 124, ... (b) 10, 17, 36, 73, 134, ...
(c) 199, 192, 173, 136, 75, ...

The 10th, 11th and 12th terms of a sequence are 50, 54 and 58.

Find a formula to describe this sequence and write down the first 5 terms.

The 100th, 101st and 102nd terms of a sequence are 608, 614 and 620.

Find a formula to describe this sequence and find the 10th term.

The 10th, 12th, 14th and 16th terms of a sequence are 52, 62, 72 and 82.

Find a formula to describe this sequence and find its first term.
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12. Consider the sequence,
1, 5,9, 13, 17, 21, 25, ...

(@) Find the next term in the sequence and explain how you obtained your
answer.

(b)  Thenth term in the sequence ¥n — 3. Solve the equation

4n-3 = 397
and explain what the answer tells you.
(MEG)
13. Here are the first four terms of a number sequence.
7, 11, 15, 19,
Write down then th term of the sequence.
(LON)

14. Sheep enclosures are built using fences and posts. The enclosures are always built

in a row.
Post
: :// Fence : : E : : E E
One enclosure Two enclosures Three enclosures
(& Sketch
0] four enclosures in a row (i)  five enclosures in a row.

(b) Copy and complete the table below.

Number of enclosures| 1| 2| 3| 4 %5 6 |7 |8

Number of posts 6| 9| 12

(c)  Work out the number of posts needed for 20 enclosures in a row.

(d)  Write down an expression to find the number of posts needed for
enclosures in a row.

(LON)
15. Patterns of squares are formed using sticks. The first three patterns are drawn
below.
I:.ﬂ |—-ﬂ4—'N [ -ﬂ -ﬂ—-N
ﬂl: ﬂl ® [ ] ﬂl ® [ ® [ . )
Pattern 1 Pattern 2 Pattern 3

The table shows the number of sticks needed for each pattern.

278



MEP Pupil Text 12

Pattern 1 2 3

Number of sticks 4 7 10

@ () DrawPattern 4.
(i)  How many sticks are needed feattern £

(b) How many more sticks are needed to ma&tern 5from Pattern 4

(c) There is a rule for finding the number of sticks needed to make any of these
patterns of squares.

If the number of squares in a patters,isvrite down the rule.

(SEG)
16. (a) Sticks are arranged in shapes.
Shape 1 Shape 2 Shape 3

) UJ 1

7 sticks 12 sticks 17 sticks

The number of sticks form a sequence.

0] Write down a rule for finding the next number in the sequence.
(i) Find a formula in terms af for the number of sticks in threth shape.

(b) Find a formula, in terms af, for the area of the th rectangle in this

sequence.
4

(SEG)

Just for Fun
John and Julie had a date one Saturday. They agreed to meet outside the cinema af 8 pm.
Julie thought that her watch was 5 minutes fast but in actual fact it was 5 minutes slow.
John thought that his watch was 5 minutes slow but in actual fact it was 5 minutes fast.

Julie deliberately turned up 10 minutes late while John decided to turn up 10 minutes
early.

Who turned up first and how long had he/she to wait for the other to arrive?
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General Laws

This section considers sequences which are formed in various ways and uses iterati
formulae that describe how one term is obtained from the previous term. The behavi
of the sequences with huge numbers of terms is also considered to see whether they,
increase indefinitely or approach a fixed value.

Worked Example 1
Find a formula to generate the terms of these sequences:

2 3 4 5 6

@ = = =, = = (b) 4, 6,9, 13.5, 20.25, ...
3 5 7 9 11
What happens to these sequences for large valués of
Solution
(&) This can be approached by looking at the numerators and denominators of the
fractions.
The numbers 2, 3, 4, 5, 6, ... arefromthe sequapeen+1 .
The numbers 3, 5, 7, 9, 11, ... are from the sequepee2n + 1.

Combining these gives the formula for the sequence

2 3 4 5 6

3 5 79 11
as
n+1
un =
2n+1

As the value oh becomes larger and larger, this sequence produces terms that

closer and closer te;}. Consider the terms below:

101

Uge = o = 05024876
Uy = % = 05002499
Uy = ;Oo—ccﬁ = 0.5000250

100001 _ 4 5000025

Hioooo = 550001

We say that the sequenoenvergeso %

e
our

get
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Note

A more rigorous approach is to divide both the numerator and denominator of the
expression fou, by n, giving

n+1 _ 1+

u. = =
" 2n+1

2+

o S e

Now asn becomes larger, the tern&l} - 0, giving
n

1+0 _
Un—>2+ =

o
N

We write u, — % as n - oo (infinity) and say that

1 e
" u, tends to = asn tends to infinity.'
2

(b)  The terms of this sequence are multiplied by a factor of 1.5 to obtain the next t¢

4 6 9 135 20.25
x 1.5 x 15 x 1.5 x 1.5

Considering each term helps to see the general formula.

u = 4 = 4x15°

u, = 4x15 = 4x15

U = 4x15x15 = 4x15°

u, = 4x15x15x15 = 4x15°

Uy = 4x15x15x15x15= 4x15*

So the general term isu, = 4 x 1.5"™,

The terms of this sequence become larger and larger, never approaching a fixe
value as in the last example. We say the sequiimesges In fact, any sequence
which doesot converge is said to diverge.

Worked Example 2

Find iterative formulae for each of the following sequences.

(@ 7, 11, 15, 19, 23, 27, ... (b) 6, 12, 24, 48, 96, ...
¢ 1,1, 2 3,5, 8, 13, 21, ...

2rm.
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Solution

This group of sequences show how one term is related to the previous term, so the
formulae give u,,, in terms of the previous terr,,.

@ u =17 (b) u =6

u, =7+4 =u,+4 u, = 2x6 = 2xu,

u; =11+4=u,+4 u; = 2x12=2xu,

u, =15+4 =u;+4 U, = 2x24=2xuU,

So u,,; = U, +4 with u, =7. So u,,; = 2u, with u; = 6.
© uw=1

u, = 1

u; = 1+1 = u, +u,

u, = 1+2=u,+u,

c
a1
1

2+3=uz+u,
Ug = 3+5=u, +ug

So u,,, = U, +U,;, with u; =1 and u, =1.

Worked Example 3

Find the first 4 terms of the sequence defined iteratively by
W = 10 N 40
n+1 2 EJn UnE

starting with y, =1. Show that the sequence converges to 2.

Solution
u =1
u, % +%g 25
u, = %gz.m%g = 205
u, = %SZ.OS+$E= 200060975

These terms appear to be getting closer and closer to 2. If the sequence does conve
a particular value then asbecomes larger and larger,,, becomes approximately the
same asl,.

Soif u,,, = u, = d, say, then

N~

un+1 =

0 +i|:l
Hh unE
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_ 1 40
becomes d = EEPJrED
2d = d+ﬂ
d
d :ﬂ
d
d> = 4
d = 2 or —-2.

So the sequence does converge to 2. If the sequence had starteq wittl, then it
would have converged te-2, the other possible value of

Exercises

1.

Find formulae to generate the terms of each sequence below.

1 4 9 16 25 5 7 9 11 13
(a) R R R R T T TN (b) R T
10 11 12 13 14 2 3 4 5 6
© 2 6, 18, 54, 162, ... d) 09 081, 0.729, 0.6561, ...
€ 1, 1.2 1.44, 1.728, 20736, ... () 2, 2, 2 2
3 9 27 81
@ 2, 4 8, 16, 32, ... (h) 3,5 9, 17, 33,

3 6 9 12 15

O 2 5% 7%

Which of the above sequences converge and which diverge? For those which
converge, find the value to which they converge.

Find iterative formulae for each of the following sequences.

(@ 8,5, 2,-1 -4, ... (b) 5, 20, 80, 320, 1280,
€ 2 3,5 95 17, ... (d) 4000, 2000, 1000, 500, 250, ...
() 3,3, 6, 9, 15, 24, 39, ... M 1,1, 1, 3, 5, 9, 17, 31,

The iterative formula
6

|:|_
ST

can be used withu;, = 1 to define the sequence.

Uy =

N |-

(@ Find the first 5 terms of the sequence.

(b)  Show that the sequence converges &
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Does the sequence defined by

10 270
1S RS

with u, =2 converge? If it does, find the value to which it converges.
What happens ifu, is a different value?

Find the first 5 terms of the sequence
Uy = U (2-7u)

starting with u; = 0.1. To what value does this sequence converge? (Give you
answer as a fraction.)

To what value does the sequence
Upyp = un(2 - 3un)
. 1 '
with u, = > converge? Calculate the first four terms of the sequence to chec

your answer.

Javid and Anita try to find different ways of exploring the sequence

4, 10, 18, 28, 40, ...
(@ Javid writes

1st number 4 =1x4 =1x(1+3)
2nd number 10 = 2><5=2><(2+3)
3rd number 18=3x6 = 3x(3+3)
4th number 28 = 4><7=4><(4+3)

How would Javid write down (i) the 5th number (i) e number?

(b)  Anita writes

1st number 4 = 2x3-2
2nd number 10=3%x4-2
3rd number 18= 4x5-2
4th number 28=5x6-2

How would Anita write down (i) the 5th number (i) titb number?

(c) Show how you would prove that Javid's expression and Anita's expressiq
for thenth number are the same.
(MEG)

(@)  Write down the next number in this sequence.
1, 2, 4, 8, 16, 32, ...
(b) Describe how the sequence is formed.

(c) One number in the sequence is 1024. Describe how you can use the nu
1024 to find the number in the sequence which comes just before it.
(SEG)

mber
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9. Row 1 1
Row 2 3 5
Row 3 7 9 11

Sum=1
Sune 8 =23
Sum=27=3°

(@)
(b)

Write down the numbers and sum which continue the patt&avind

Which row will have a sum equal to 1000?

(c) Whatis the sum dRow 2

(d)  The first number in a row s What is the second number in this row?
Give your answer in terms &f
(MEG)

Quadratic Formulae

Consider the sequence generated by the fornw)la n’+n.
2, 6, 12, 20, 30, 42, ...

The differences between terms can be considered as below.

2 6, 12, 20, 30, 42,

AV VARV VAR Ve

First differences 4 6 8 10 12
ARV VAV
Second differences 2 2 2 2

The first differences increase, but the second differences are all the same. Wheneve
second differences are constant a sequence can be described by a quadratic formula
form

u, = an®+bn+c

wherea, b andc are constants.

Worked Example 1

Find the formula which describes the sequence
1, 8, 21, 40, 65, 96.

Solution
First examine the differences.

1 8 21, 40, 65, 96,

NN N N NS
First differences 7 13 19 25 31
NN N NS
Second differences 6 6 6 6

As the second differences are constant, the sequence can be described by a quadra
formula of the form

u, = an®+bn+c.

To find the values od, b andc consider the first 3 terms.

r the
1 of the

'

c
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Using u =1 gives —a+b+c Q)
Using u, = 8 gives = 4a+2b+c (2)
Using u, = 21 gives 21 = 9a+3b+c €)

These are three simultaneous equations. To solve them, subtract equation (1) from
equation (2) to give equation (4) and from equation (3) to give equation (5) as below.

8 =4a+2b+c 2) 21 = 9a+3b+c 3)
subtract 1 = a+ b+c (2) 1= a+b+c (1)
7 =3a+hb 4) 20 = 8a+2b (5)

Then subtracting2 x equation (4) from equation (5) gives

20 = 8+2b (5
14 = 6a+2b (4) x2
6 = 2a

S{o] a = 3.

Substituting fora in equation (4) gives
7 = 3%x3+Db
SO b = -2.

Finally, substituting fom andb in equation (1) gives
1 =3-2+c

SO c = 0.

The sequence is then generated by the formula

Note

You should, of course, check the first few terms:

n=1 - u =3x1-2x1=1

u. = 3n®-2n.

n

n=2 - u, = 3x2°-2x2=8

n=3 - u; = 3x3F-2x3= 21

|@l Investigation

Find the next term in the sequence

A 11
2

01|N
r\)|'§,’

NG e}

286




MEP Pupil Text 12

Alternative Approach

Solving sets of simultaneous equations like these can be quite hard work. Examining
carefully the differences leads to an easier method. The first four terms of the sequepce

u = an’+bn+c

n

are
u = a+b+c

u, = 4a+2b+c
u; = 9a+3b+c
u, = 16a+4b+c

Consider the differences for these terms.

a+b+c, 4a+2b+c, 9a+3b+c, 16a+4b+c

N

First difference 3a+b 5a+b v 7a+b

Second difference 2a 2a

Note that the second difference is equaldptBe first of the first differences Ba + b

and the first term isa + b + ¢. This can be used to create a much easier approach to
finding a, b andc, as shown in the next example.

Worked Example 2

Find the formula which generates the sequence
6, 11, 18, 27, 38, 51, ...

Solution

First find the differences.

First differences

Second differences

As the second differences are constant, the sequence is generated by the quadratic formula

u, = an’+bn+c.

Using the results from the differences considered imlieenative approachn Worked
Example 1 gives
2a = 2
3a+b

a+b+c

This givesa=1, b=2, and c =3, so the formulais

u, = n*+2n+3.
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Show that each sequence below has a constant second difference and use this
find the next 2 terms.

(@) 5, 10, 17, 26, 37, ... (b) 0, 10, 28, 54, 88, ...
1 1 1
©) 2, 14, 34, 62, 98, ... (d) 2%, 4, 62, 10,142, ...

€ -1, -2, -1, 2 7, ...

The third, fourth and fifth terms of a quadratic sequence are 6, 10 and 16.

Find the first, second and sixth terms of the sequence.

A sequence begins 12, 24, 42, 66, ... Find the 10th term of this sequence.

The first and third terms of a sequence are 6 and 48. If the second difference i
constant and equal to 10, find the second term of the sequence.

For each of the following sequences, state whether or not they are generated |
guadratic formula and if they are, give the formula.

(@ 3,2 3,6, 11, 18, ... (b) @4, 6, 66, 236, 600, ...
c) 1,3, 7 13, 21, 31, ... d) 1,3, 4, 7, 11, 18, ...
(e) -5,0, 7, 16, 27, 40, ... () -1, 3, 7, 11, 15, 19, ...

(@ 1,1,7 19, 37, 61, ...

The 2nd, 3rd and 4th terms of a quadratic sequence are 0, 3 and 8.
Find the 1st and 5th terms of the sequence.

In a sequence,
the 2nd term is 10 more than the 1st term,

the 3rd term is 15 more than the 2nd term,

the 4th term is 20 more than the 3rd term.

Show that the sequence is quadratic and find a formula for the sequence if the
term is 1.

(@ The terms of a particular cubic sequence are given by 2n®— 1.

Find the first 6 terms of this sequence and then the first, second and third
differences. What do you notice?

(b) Check that the result you noted in Part (a) is true for a cubic sequence of
your own choice.

(c) By consideringu, = an®*+ bn®+ cn + d, show that the third difference of
any cubic sequence is a constant and give its value in terans of

5 0

Yy a

first
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10.

(d)

The table shows how the first 5 triangle, square and pentagon numbers are for

MEP Pupil Text 12

Then find the formula which describes the cubic sequence
4, 15, 40, 85, 156, 259, ...

1 2 3 4 5
Triangle °
1 3 6 10 15
D—I ® O o
Square b [ ] ? ? L 4 > o
* ® oo 'y
1 4 9 16 25
Pentagor] e
1 5 12 22 35

(& Show that all the sequences formed are quadratic and find expressions f
them.

(b)  The hexagon numbers give the sequence

1, 6, 15, 28, 45, ...
Show that the terms of this sequence are given by
u, = 2n’-n.

(c) By looking at the expressions you have obtained so far, predict formulae
the heptagonal and octagonal numbers. Use the facts that the 8th hepta
number is 148 and the 8th octagonal number is 176 to check your formul

(d)  Show that the 8th decagonal number is 232.

Look at the three sequences below.

(@)

Sequencep 4, 6, 8, 10, 12, ...
Sequenceq 3, 8, 15, 24, 35, ...
Sequencer 5, 10, 17, ...

The sequendaeis obtained from sequencesndq as follows.
J4+3F =5 6°+8 =10, 8+15 =17

and so on.

med.

for
jonal
ae.
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11.

(b)

(©)

The first four diagrams of a sequence are shown below.

A Awﬁ

Diagram 1 Diagram 2 Diagram 3 Diagram 4

The table below shows the number of black and white triangles for the first thre

diagrams.

(@)
(b)

(©)

(d)

MEP Pupil Text 12

Use the numbers 10 and 24 to calculate the fourth term of sequenc

Calculate the fifth term of sequence

Find the tenth term of sequenue

Find the sixth term of sequence
Write down thenth term of sequenge
The nth term of sequenagis

n?+ kn

wherek represents a number. Find the valu&. of
(NEAB)

Diagram number

Number of white triangles

Number of black triangles

Total number of triangles

Rl o |k |k
AR, |lw|N
©|lw|o|w

Complete the table, including the column for a fifth diagram.

What will be the total number of triangles in diagram 10?

(i

(ii)

(iif)

Two pupils are trying to find a general rule to work out the number of whit
triangles. One rule they suggest is

whered is the diagram number. Is this rule correct? Show any calculatio
that you make.

On a grid, plot the number of white triangles against the diagram
numbers.

On the same grid, plot the number of black triangles for each diagrg
number in your table.

What do you notice about the two sets of points?

Number of white triangles= d(d + 1)

(NEAB)

D

IS
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