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The purpose of the current study is to investigate how pre-service teachers have used five
practices for conducting productive mathematical discussions (anticipating, monitoring,
selecting, sequencing, and connecting) in teaching statistics throughout their participation in
lesson study. Researchers employed a qualitative research method. The participants of the
study were three pre-service teachers as they carried out three lesson study. In the data
analysis, the framework developed by Stein et al. (2008) was used. The results revealed that
the pre-service teachers did not include all practices in their lesson plans and implementations
at the beginning. As the lesson study progressed, the pre-service teachers attempted to include
anticipating, monitoring, selecting, and connecting practices. However, the difficulties in
terms of the sequencing practice were seen to be continuing. In light of the obtained findings,
it was suggested that lesson study should be integrated into teacher training programs in
Turkey.

Introduction
Mathematical discussions have been emphasized, especially for the last two decades in
mathematics education (National Council of Mathematics [NCTM], 2000; 2013).
Mathematical discussion environments allow students to share their ideas, think deeply
about the arguments they defend, evaluate these arguments from different perspectives,
create mathematical meanings, and evaluate their arguments in the context of how and why
questions (NCTM, 2000; 2014). Students’ thinking about mathematical problems,
formulating their own arguments, defending ideas while discussing these arguments in the
discussion environment, and teachers’ providing guidance can contribute to the
establishment of a targeted learning process and develop conceptual understandings (Kazemi
& Stipek, 2001; Manouchehri, 2007; Nathan & Knuth, 2003; NCTM, 1991; Stigler &
Hiebert, 1999).
The importance given to the discussion process for students is stated in the particular
objectives of the Turkish curriculum as follows: “They can express their thoughts and
reasoning and also see the deficiencies and gaps in the mathematical reasoning of others, can
use mathematical terminology and language properly to explain and share their mathematical
thinking logically, can make sense of the relationships between people and objects and the
relationships of objects with each other by drawing on the meaning and language of
mathematics” (Ministry of National Education [MONE], 2018, p. 9). Thereupon, it becomes
clear that learning environments should be structured in such a way as to put mathematical
discussions into the center (Kersaint, 2015; NCTM, 2000; 2014). In addition, determining
the roles of both students and teachers in the discussion process to create a rich discussion
environment is important (Kersaint, 2015). Thus, to encourage students to participate in the
discussion, teachers need to plan and determine the tasks they will use before teaching. For
an efficient mathematical discussion, the teacher should focus on questioning and encourage
students to ask questions (Piccolo et al., 2008). Inquiry-based questions were stated to be
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one of the most important criteria determining the quality of the discussion (Van de Walle
et al., 2013). Such questions, which reveal higher order thinking skills, allow students to
answer differently. Answering questions differently enables different perspectives to be
formed and enriches the discussion environment (Henning et al., 2012). In this way, students
evaluate the defended argument in many respects and reach judgments by considering
different solutions (Danielowski, 2016).
The critical role that the teacher assumes from the preparation process of the discussion
to the end of it also largely determines the quality of the mathematical discussion because
the teacher chooses the task that would be suitable for starting a discussion. This chosen task
should stimulate higher order thinking skills, allow for solutions to employ multiple
strategies, and support understanding mathematics conceptually (Smith & Stein, 1998). As
students share their ideas and assumptions, the teacher’s role becomes a facilitator that
clarifies students’ ideas and questions to enrich mathematical understanding, rather than
simply presenting mathematical approaches and demonstrating the necessary procedures to
solve the given tasks (NCTM, 1991). The open-ended questions planned in the discussion
process are purposed to reveal students’ thoughts and enrich the discussion (Kazemi &
Stipek, 2001; Kersaint, 2015). These unearthed thoughts also provide the teacher with
insights about what students are learning and enable them to give feedback that can
encourage students to think deeper (Walshaw & Anthony, 2008).
In the existing research, the main emphasis has been on what the teacher should know to
create such environments. Therefore, these environments can be defined in more detail
(Stein et al., 2008). Studies have stated that teachers’ successful mathematical discussion
environment goes through five practices. These practices are defined as anticipating,
monitoring, selecting, sequencing, and connecting.
•

•

•
•
•

Anticipating involves the teacher’s ability to predict different ways of solving a
mathematical task. In addition to how students make sense of the relevant task,
anticipating also focuses on predicting students’ knowledge and skills regarding how to
solve the task, what strategies to use, how to interpret it, and what ideas to produce.
Monitoring involves paying attention to students’ mathematical thinking and examining
their solution strategies more closely as they work. One way of doing this is to observe
students individually or in small groups. Monitoring is more than watching and hearing;
the teacher needs to ask questions to reveal the students’ thoughts and classify their
thoughts.
Selecting involves the teacher’s selecting students’ important thoughts. These thoughts
are a prerequisite for the targeted objectives to be achieved.
Sequencing involves the teacher’s sequencing the selected students’ answers and ideas.
Connecting involves the teacher’s establishing links between students’ solutions and
meaningful relationships between mathematical ideas (Smith & Stein, 2011; Stein et al.,
2008).

NCTM (2013) made a series of suggestions for teachers to facilitate productive discussions.
In these suggestions, similar points were emphasized. The existing research highlights that
these processes effectively support efficient mathematical discussions (Smith & Stein,
2011).
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Teaching Statistics Through Discussion
One of the learning areas where mathematical discussion environments are important is
statistics (Ben-Zvi, 2011; Cobb & McClain, 2004). In statistical learning environments,
students are expected to experience the entire statistical process from primary education to
the end of secondary education, namely, posing problems, collecting, organizing, analyzing,
and interpreting data (Bargagliotti et al., 2020; Franklin et al., 2005; MONE, 2018; NCTM,
2000). The process of posing questions, which is the first component of doing statistics,
includes defining the problem clearly and creating the question(s) that can be answered with
the help of data (Franklin et al., 2005). By knowing what features a statistical problem has,
this framework can shape questions (Scheaffer, 2006). The second component, the data
collection process, includes planning and implementing this plan to collect the appropriate
data. Deciding on suitable data collection methods and collecting data according to these
methods is one of the essential skills in this process (Franklin et al., 2005). In the data
analysis, suitable methods are selected, and the data are analyzed (Franklin et al., 2005;
Bargagliotti et al., 2020). Classification, one of the salient elements of data analysis, involves
using tools to represent the data to be analyzed, such as graphs and central tendency and
dispersion measures (Bargagliotti et al., 2020). In the stage of interpreting the results, which
is the last stage of the process of doing statistics, starting from the analysis made in the third
stage, and then they are associated with the initial research question (Franklin et al., 2005;
Bargagliotti et al., 2020).
Although the importance of having students to experience the process of doing statistics
in learning environments has been emphasized, the focus is on transferring information from
teacher to students in traditional statistics classes. Thus, students typically only asked to
answer the questions. This causes students to see statistics as challenging to learn and
composed of rules and procedures (Ben-Zvi & Garfield, 2004). Effective discussion
environments help students create and defend statistical arguments and understand the
reasons behind important statistical concepts (Ben-Zvi, 2011; Cobb & McClain, 2004). At
this point, teachers’ creating and maintaining discussion environments is important for the
quality of the teaching process. Despite the importance of discussion in statistics learning
environments, creating and maintaining discussion environments where students experience
significant statistical problems and where arguments are presented and meanings are openly
negotiated is not easy (Ben-Zvi, 2011).
The existing research has revealed that it is challenging for both teachers and pre-service
teachers to organize and maintain a discussion environment is challenging for both teachers
and pre-service teachers (Bennett, 2010; Franke et al., 2009; Smith & Stein, 2011; Stein et
al., 2008). Faculty members responsible of training teachers state that the necessary
knowledge and skills related to the effective discussion process can be taught to pre-service
teachers (Stein et al., 2008). Although some studies focus on developing pre-service
teachers’ discussion skills (Ghousseini, 2008), little is known about the process of preservice teachers putting discussion skills into the center of their lessons (Tyminski et al.,
2014). Furthermore, what kinds of professional development programs influence teachers’
discussion skills warrant research (Pang, 2016).

Developing Discussion Skills Through Lesson Study
The lesson study model is an effective professional development program in which
teachers acquire much knowledge necessary for their professional competence through
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teaching practices (Borasi & Fonzi, 2002). The theoretical basis of this model recognizes
that cognition is social and argues that learning takes place cooperatively in rich learning
environments (Fernandez, 2005). Zhang and Cheng (2011) developed practicum-based
micro-teaching that is a type of lesson study model based on the concept of approximations
of practice in the conceptual framework proposed by Grossman et al. (2009) for pre-service
teachers. As this model allows pre-service teachers to practice in a university and real
classroom environment, it provides them with opportunities to achieve meaningful learning
goals. The first stage of lesson study model is planning, teaching, feedback, and reflection;
the second stage is re-planning, re-teaching, and evaluation; and the third stage is reflection.
In the first stage, pre-service teachers plan the lesson and teach in the university classroom.
The lesson is then revised considering the feedback received from peers and instructor. In
the second stage, the lesson is delivered in the real classroom, which is a more complex
environment, and this lesson is evaluated by the co-teacher or supervisor. This model allows
pre-service teachers to apply what they have learned in the university classroom to the real
classroom environment. In the third stage, reflection is performed after the completion of the
first and second stages. Reflection is made on what has been observed and learned in the
lesson’s planning, implementation, and evaluation.
The lesson study model allows a more detailed characterization of the real classroom
environment by providing the opportunity to apply what has been learned in the university
classroom environment in the real classroom environment (Zhang & Cheng, 2011). All this
can support the development of pre-service teachers’ discussion skills (Pang, 2016). In
addition, it is pointed out that there is a lot to be learned about the conditions under which
mathematical discussions occur to accomplish learning objectives and which situations and
tools can support this environment should be investigated in more detail (NCTM, 2013).
Furthermore, the emphasis on the role of the discussions in the accomplishment of
meaningful learning of statistics (Ben-Zvi, 2011; Cobb & McClain, 2004) indicates the
importance of conducting the current study. In this regard, the purpose of the present study
is to investigate how pre-service teachers have used the practices (anticipating, monitoring,
selecting, sequencing, and connecting) of the discussion throughout their participation in
lesson study. To this end, an answer to the following research question was sought. How did
the pre-service teachers use the five practices for orchestrating mathematical discussion
while teaching statistics throughout the lesson study?

Method
To find an answer to the research question stated above, the case study design was
employed. In the current study, the lesson study processes conducted by the pre-service
teachers regarding teaching statistics were determined as the case to be researched. The case
study allows a more detailed examination of the change in the pre-service teachers’
knowledge and experience in its natural process (Stake, 1995).

Participants
Participants were selected based on two criteria. Firstly, it was aimed to select preservice teachers who successfully completed some specific courses. Among the ones who
fulfil this criterion, volunteer pre-service teachers were determined. This allowed an in-depth
analysis of the focused cases (Gall, Gall, & Borg, 2007). For pre-service teachers to
participate in the present study, they were expected to have successfully completed the
following courses: Research Methods, Principles and Methods of Teaching, Statistics and
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Probability, Methods of Teaching Mathematics, Teaching Practice. Moreover, the
participating pre-service teachers were selected for the present study because the pilot study
was also carried out in the same school. Of the participating pre-service teachers, Beyza and
Şirin were 21 years old, and Gamze was 22 years old. The grade point average of Beyza was
3.21, the grade point average of Şirin was 3.26, and the grade point average of Gamze was
3.29 out of 4. The names of these participants are pseudonymous.

Context of the Study
The study was conducted in the Department of Mathematics Education at a state
university located in Ankara. The pre-service teachers graduating from this department can
work as mathematics teachers in middle schools (11-14 years-old). In the department, the
medium of instruction is Turkish. In the first two years of the four-year program, the main
emphasis is on content knowledge (e.g., General Mathematics, Geometry). In the last two
years, the focus is on pedagogical content knowledge (e.g., Methods of Teaching
Mathematics, Teaching Practice). The participants of this study were twelve pre-service
teachers enrolled in the elective course Microteaching in Mathematics Education. However,
only the data collected from three pre-service teachers were on the focus of this study. The
first reason for selecting these pre-service teachers is that a pilot study was conducted in the
school they attended for the course of practicum teaching. Hence, their mentor teacher
gained knowledge and experience about the lesson study, and the mentor teacher’s students
became familiar with the study context. Also, during the observations and discussions made
throughout the process, this group took a more active role and expressed themselves better.
Hence, they provided richer data compared to other groups.
At the beginning of the process that lasted for 14 weeks, information was given about
the content of the course, and discussions were made about the articles on statistics education
(Ben-Zvi, 2011; Cobb & McClain, 2004). In the following weeks, information was given
about the content of the lesson study, and the pilot study was carried out. Then, the preservice teachers carried out three lesson study focused on the following objectives in the data
handling learning area: construct a pie graph of a data set and interpret the graph; construct
a line graph of the data and interpret the graph; show the data related to the research question
with a pie graph, a frequency table, a bar graph or a line graph; and make conversions
between the representations. In each lesson study, lesson plans were prepared for the
university and real classrooms, and then they were implemented and evaluated (Figure 1).

79

Figure 1. Implementation process (Adapted from Zhang & Cheng, 2011).

The pre-service teachers prepared their lesson plans according to the seventh-grade
objectives related to the data handling learning area in compliance with the lesson planning
format having four components in the lesson study process (Mathews et al., 2009, p. 506).
The prepared lesson plans were first implemented in the university classroom and then in
the real classroom. After both implementations, the lesson plans were evaluated, and based
on the given feedback, they were revised. The instructor (the second author) and the
researcher (the first author) participated in the lesson delivered in the university classroom
as observers and evaluated the lesson. In addition, in the microteaching environment, all preservice teachers in the course evaluated the lesson plans in each cycle and made suggestions
about how to improve them. The group members evaluated the lesson plan and made
suggestions about how to improve them. On the other hand, in the real classroom, the mentor
teacher and the researcher evaluated the lesson.

Data Sources and Data Analyses
In the current study, lesson plans prepared by the pre-service teachers, observation
forms, video recordings of lesson planning and revision meetings, video recordings of the
lessons delivered in the university classroom and real classroom, field notes taken by
researcher, and reflective journals written by the pre-service teachers were used as the data
collection tools. In the data analysis, the framework developed by Stein et al. (2008) was
used. It was investigated how the pre-service teachers used the practices of anticipating,
monitoring, selecting, sequencing, and connecting while designing and implementing their
lesson plans (in the university and real classroom). The skills defined for these practices and
their definitions are given in Table 1.
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Table 1

Discussion

Practices of

Analysis Framework

Skills

Definition

Student thoughts

Pre-service teachers’ anticipating the difficulties, mistakes,

Anticipating

and misconceptions that students may experience, as well as
how students will think in their lesson planning.
Lesson objective

Pre-service teachers’ anticipating how to relate their lesson to
doing statistics (formulating questions, data collection, data
analysis, interpreting results).

Connecting

Sequencing

Selecting

Monitoring

Monitoring period

It refers to the period of time given to students to think about
the tasks during the lesson implementations.

Giving right to speak to

It refers to allowing students to express their thoughts and

students and questioning

questioning to reveal their thoughts.

Selecting students’

It refers to selecting students’ thoughts in line with the

thoughts

purpose during the lesson implementations.

Sequencing students’

It refers to sequencing students’ thoughts in line with the

thoughts

purpose during the lesson implementations.

Establishing connections

It refers to establishing connections between students’

between students’ thoughts

thoughts and lesson objectives during the lesson

and objectives of the lesson

implementations.

The obtained data were analyzed within the framework of the skills specified above.
Lesson plans prepared by the pre-service teachers, observation forms, video recordings of
lesson planning and revision meetings, video recordings of the lessons delivered in the
university classroom and real classroom, and reflective journals written by the pre-service
teachers were coded by paying attention to the skills determined in the framework for each
discussion practice. This analysis process proceeded similarly for each lesson study and was
supported with direct quotations where needed. 30% of the data were coded by another math
educator working in this field, and the intercoder reliability was 90%. On the points of
disagreement, a consensus was achieved through discussion.
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Findings
It was revealed that pre-service teachers had various difficulties in anticipating students’
thoughts and reflecting their anticipating process on the discussion environment. In the first
objective, where they focused on the pie chart, the main aim of the lesson was to construct
the pie chart and find its angle measurements. In the relevant task they prepared (Figure 2),
it was noted that they did not emphasize doing statistics (research question, data collection,
data analysis, interpretation of results).

Figure 2. The task used in the first lesson study

The pre-service teachers focused on typical student thoughts about the angle measure
and corresponding percentage of the data in the pie chart. They ignored the difficulties that
students might experience in terms of what the pie chart elements mean and the relationship
of this with doing statistics. The difficulties experienced by the pre-service teachers in
anticipating students’ thoughts caused them to have challenges in creating and maintaining
a discussion environment during the implementations. Although Gamze gave the students
time to solve the tasks during the implementation, she was incompetent in questioning how
the students thought and taking their thoughts into consideration, that is, she could not
monitor. For example, one of the students asked a question about the function of pie and bar
charts in doing statistics. Although the pre-service teacher received a student question that
would create a discussion environment, she could not maintain this discussion environment.
The relevant section from the classroom environment is given below.
The first university implementation
…
Student: Teacher, why do we draw a pie chart; we already know the bar chart.
Gamze: Yes, we know, this is a different kind of representation.

Here, the pre-service teacher was expected to include this student’s question in the
classroom discussion and to create a discussion environment in which the appropriate graph
type to answer the formulated statistical question would be determined. The students would
realize that these two graphs have the functions of comparison (bar chart) and part-whole
relationship (pie chart) in the doing statistics. However, Gamze did not select this student’s
question and share it in the classroom environment, which prevented her from sequencing
and connecting with the thoughts of other students. In addition to focusing on the procedural
aspects of the objective being addressed, their structuring the objective according to certain
generalizations caused the classroom implementations not to fulfil their function. Since preservice teachers have the following generalization “Temperature is represented only by line
graphs”, they organized lesson plans based on this notion. This caused students to be
insufficient in anticipating different ways of thinking. Their inability to anticipate caused the
discussion environment to remain limited. The relevant section from the classroom
environment is given below (the dialogue is about where the pie chart is used).
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The first university implementation
…..
Student 1: If we had the graph of temperature? (Wants to represent the temperatures with a pie
chart)
Gamze: When we had the graph of temperature, then you would say a temperature now say a
temperature.
Student 1: -2 and 5 degrees.
Gamze: Two different temperatures in two different days? Do you think that concerting these values
[into a pie chart] would be meaningful? What do I represent here? We see the numbers of people,
don’t we. The biggest slice shows the largest number of people, for example. If I drew 25 degrees
here [Draws a pie chart], then how would I decide on the slice? Let’s assume, I have drawn 25
degrees.
Student 2: Can we decide on it according to the total temperature, teacher? Would it be meaningful?
Gamze: Let’s assume that we did it then what would the value 25 degrees indicate to us? There
were more slices. What would I have when we had more slices?
….
Student 3: Then, we wouldn’t be able to use the pie chart for everything?
Gamze: Yes. Each type of graph has specific places to be used for.

As seen in the section from the classroom environment, although Gamze gave the
students the necessary time to complete the task, she was insufficient to make inquiries that
would reveal students’ thoughts on their heuristics. When the student asked an unexpected
question, as given above, pre-service teacher could not make the necessary explanations.
Here, what is expected from an expert teacher is that when the part-whole relationship is
questioned in the research question, she would state that a context containing the air
temperature values of a province can be represented with a pie chart. These and similar
difficulties experienced by the pre-service teacher during the implementation process caused
her not to be able to monitor, select, sequence, and make connections with the doing
statistics.
While revising their lesson plans, the pre-service teachers focused more on anticipating
students’ thoughts and connecting these thoughts with the doing statistics. They included the
roles of bar and pie graphs in doing statistics in their lesson plans. Also, they added
explanations about how the elements in the bar graph are related to the elements in the pie
graph. In addition, they thought that students might have difficulties reading and interpreting
both the bar and pie graphs and shaped their answers accordingly. Although the development
of pre-service teachers towards anticipating in their lesson planning was remarkable, they
still had various difficulties in implementation. For example, although the pre-service
teacher gave the students the necessary time to complete the task, she was insufficient to
make inquiries that would reveal students’ thoughts about their way of solution. In other
words, she could not monitor, select, and sequence students’ thoughts as intended. However,
the pre-service teacher tried to connect the points that she anticipated during lesson planning
with students’ thoughts. The relevant section from the implementation environment is
presented below.
The first real classroom implementation
…
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Gamze: What can you tell about the numbers related to the football team you support by looking at
the bar chart (pointing at the chart)?
Student: The number of people supporting the FB football team is 12.
Student: The number of people supporting the GS football team is 6.
…..
Student: If we do not know the number of the supporters of a team but if we know the total number,
then we can find the number of supporters of this team.
Gamze: Yes, what else can happen? For example, let me ask you to compare the numbers of the
supporters of the teams. What can you tell me?
Student: Yes, for example, the most supported third team is GS.
Gamze: Yes, what can you tell about your friend’s answer?
Student: Then, the most supported team is FB.
Gamze: That is what a bar chart does; do you see? I can easily see how many people support this
team (pointing to the column of FB). When I look at the lengths of the other bars, I can compare
them easily.
…..
Student: Those supporting FB are two times more than the ones supporting GS.
….
Gamze: There is proportion, isn’t there? Three times more.
(They start to cut the bars)
Gamze: Has everybody cut? What did you tell me? How many people did you say?
Student: 360.
Gamze: How did you calculate this?
Student: I summed.
Gamze: You summed in fact; what did you do? You put one bar on the other and then on the other,
then which total number you obtain?
Student: 360.
….
Gamze: Then, what was the figure you drew?
Student: A circle.
Gamze: And you already know the total angle of a circle.
Student: 360.
Gamze: 360 degrees. That is, there are 360 persons. So how many degrees correspond to these
people?
Student: 360.
Gamze: Yes, all of this (pointing to the circle) includes 360 persons. That is, 360 degrees correspond
to 360 persons. Then, what is the degree that corresponds to one person?
Student:1 degree.

As seen in the section from the classroom environment, the pre-service teacher tried to
connect students’ thoughts with the comparison function of the bar in the doing statistics. In
addition, she tried to make students understand the subject by connecting important ideas
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about the creation of the circle graph and the fact that the sum of the length of bars in the bar
graph corresponds to the total angle measure of the pie chart, that is, to the whole. However,
it is remarkable that the focus on the fact that the functions of the bar and pie charts in
answering different questions or purposes (i.e., comparison among the categories vs.
identifying the relative part of the category among the whole) were not mentioned in this
environment.
The pre-service teachers focused more on establishing connections with the process of
doing statistics, which is the lesson’s objective, while preparing their lesson plans for the
line graph they addressed within the context of the second objective. In this context, they
designed the lesson plans by anticipating the purpose of drawing the line graph. For example,
as they anticipated in their lesson plans, Şirin observed that students made mistakes in
connecting the lines while constructing the line graph. Thus, Şirin started the discussion with
a question that would lead students to think about why the lines were created while
constructing the line graph. Although she was able to select student thoughts, she did not
sequence different student thoughts. The relevant section from the classroom environment
is given below.
The second university implementation
……
Şirin: Why do you think we performed these connections [points of change]?
Student: To see? That is, it seems to have decreased in this way, but it also seems to have increased.
Şirin: Yes, we can see the decrease and increase more easily in this way, can’t we? From Monday to
Tuesday, it decreased in you [Pointing to an activity of a group]
Student: We can see it in the bar, so why do we draw this?
Şirin: Yes, what do you think about your friend’s question?...We will talk about this later….

Here, Şirin was expected to make students realize that the main purpose of the change
function of the line graph was to answer the research question. Although the question asked
by the student, We can see it in the bar, so why do we draw this? was a good question for
Şirin to make a connection between the formulated question and the function of the graph,
Şirin failed to make this connection.
In the revision and evaluation meetings, the pre-service teachers focused on why they
could not answer students’ questions (e.g., We can see it in the bar, so why do we draw this?)
and conducted research on this issue. During this research and meetings, they realized that
they needed to think about what the power of the line chart means in respect to answering
the problem. This resulted in them making some changes to the objective of the lesson. They
focused on doing statistics and realized that the discussion process should start with the
formulated question. They emphasized the concept of the acquisition more conceptually, set
some goals to associate the objectives to the process of doing statistics, and accordingly,
started to anticipate students’ thoughts. This was a significant turning point for the preservice teachers. The task they prepared in this context is presented at the Figure 3.
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Figure 3. The task used in the second lesson study

In this task they prepared, the pre-service teachers stated that for Uncle Hasan’s
vegetables to be productive, the temperature change should not be too much on the day he
plants them and the next two days. Based on this, they asked the students to determine the
most suitable days for planting. They monitored the difficulty they anticipated in their lesson
plan to be experienced by the students in their implementation. The pre-service teacher who
carried out the implementation noticed that some groups drew a bar graph for the research
question, which would be more appropriate to be answered by using a line graph as
representation while working on the task. Based on this monitoring, Şirin started a discussion
emphasizing the function of graphs in doing statistics, so that the students could realize their
mistakes. She wanted the students to question whether it would be appropriate to represent
the data with a bar chart.
The second real classroom implementation
…
Şirin: Which graphs did we learn?
Student: Bar chart, pie chart, slice, tally.
Şirin: Yes, we have learned these graphs. Ok, what kind of graph is the bar chart? Let’s draw a bar
chart…is this a suitable graph for the thing I am researching? Then, what was our question? What
was our initial problem?
Student: Uncle Hasan is going to plant a vegetable. But the temperature values need to be close to
each other for the vegetables.
…
Şirin: … Let's think now. Why did we use the bar chart in our previous question? We used it when
we needed to compare data, didn’t we? Is this necessary in this problem? (Uncle Hasan task)
Student: No, we need to take increases and decreases into consideration here.
Şirin: Yes, what do you think about your friends’ opinions? Is there anyone who has a different idea?
Student: Isn’t it necessary to find the lowest temperature change?
Şirin: Then, I won’t look at how many times data is repeated. That is, I need to look for a change.
Then, is a bar chart suitable?
Student: No.
Student: No, because we cannot see the change in the bar chart.
…
Şirin: Yes, you are right because in our question we are looking for the smallest change. We will
choose three days, there won’t be much difference of temperature. Then, those who have finished
their charts will find these days.
Student: We have found, teacher.
...
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Student: 9 10 11 (days), teacher.
Şirin: What was our question? In order to be able to plant in suitable time, the change of temperature
needs to be low. Yes, 9, 10,11, thus, we have solved this question….

As seen in the section from the classroom implementation, Şirin created an environment
that would enable students to realize the relationship of this process with the formulated
question, since she was able to anticipate the difficulty students would have in the process
of determining the appropriate graph. In the discussion environment, the students were able
to give correct answers. In this connection, although she attempted to select students’
responses, she did not attempt to sequence them. However, she aimed to enable students
solve the problem by connecting students’ thoughts with both the role of graphs in doing
statistics and the formulated question (the temperature change should be observed to solve
the problem; the bar chart allows comparison, while the line graph allows observing the
change).
In the third lesson study process, the pre-service teachers structured the objective they
focused on giving more importance to doing statistics and shaped their lesson plans
according to students’ thinking styles. In this process, their focus was on how graphs play a
role in answering the formulated question. What students should pay attention to in the
formulated question, how the appropriate graph is determined, and the drawing and
interpretation of graphs were included in their lesson plans. During the implementation, they
asked the students to work as a group on the task, and they monitored walking around the
groups to follow this process. Meanwhile, Beyza observed that some groups focused on
keywords and determined and constructed the appropriate graph according to these
keywords. The fact that they anticipated the situation while planning the lesson allowed
Beyza to establish important connections by purposefully selecting students’ thoughts during
the discussion. The relevant section from the classroom environment is given below.
The third university implementation
….
Beyza: Ok, can you give me an example? If someone gives me such an example; wants me to do this,
then I will use this graph.
Student: For example, when my teacher says that there is a change in temperature or population, then
I use the line chart.
Beyza: Humm. Only temperature or population? What is more important, the temperature data or the
change?
Student: Change.
Beyza: What is aimed is to emphasize the change of anything.
…….
Student: For example, if we are given a frequency table based on the number of our siblings, we can
show this with a bar chart.
Beyza: Ok. You can also show it with a pie chart.
Student: We can show.
Beyza: Which one would you choose according to what?

As seen in the discussion, Beyza aimed to make students realize that the determination
of the appropriate graph type is shaped according to the formulated question. In this process,
she was able to select the following student thought; when my teacher says that there is a
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change in temperature or population, then I use the line chart and then she was able to ask
the following question: Only temperature or population? What is more important, the
temperature data or the change as she monitored the difficulties experienced by students
while they were working on the task. She aimed to prevent students from determining the
appropriate graph based only on keywords (e.g., temperature should always be represented
by a line graph) and to connect it with the formulated question. She made students question
the fact that the data can be represented with a pie chart or bar chart depending on the
research question by asking the following question: Which would you choose based on what?
However, no attempt of the pre-service teacher was observed to purposefully sequence
students’ thoughts during the implementation.
In another situation observed in the real classroom environment, the pre-service teacher
monitored that the students ignored doing statistics and tried to solve the research question
with a pie chart, which would be more appropriate to be solved with a bar chart. The relevant
section from the classroom environment is given below.
The third real classroom implementation
….
Beyza: ... We talked about the bar chart and the pie chart. Can I clearly separate them from each other?
Can I say that a bar chart must be used for this question, or a pie chart must be used for this question?
For example, I have a question. We have already done it; we solved the first question with a pie chart
and the third question with a bar chart. For example, could not we have solved the question we solved
with the bar chart with a pie chart?
Student 2: We could.
Beyza: Why didn’t we construct?
Student: We were asked to select president and vice president. As we need to see them in
percentage, we calculate their votes. Who got whose vote? Who got the highest number of votes?
We need to find this.
Beyza: You are right, the highest number thus we need to compare them. There is no certain
distinction between them. …What is important here is to find an answer to the research question.
Student: Then, the research question should be my point of departure.

The pre-service teachers, who anticipated the importance of evaluating doing statistics
as a whole in the lesson planning process, had the opportunity to monitor the difficulties
experienced during the implementation. This allowed them to select student thoughts and to
make the connections that the appropriate type of graph was shaped according to the
formulated question and that there were no sharp distinctions between the graphs. However,
the pre-service teacher did not attempt to sequence student thoughts.

Discussion, Conclusions, and Recommendations
The current study investigated how the pre-service teachers used the practices of
mathematical discussion during their participation in a lesson study. At the beginning of the
process, the pre-service teachers operationally addressed the objectives they focused on and
anticipated the students’ thoughts by considering certain generalizations (e.g., when there is
a large amount of data, the pie chart is used). By organizing the tasks, they prepared in this
direction, they focused on how the data given in the bar chart could be represented in the pie
chart, and also focused on finding percentages and angles. They dwelled on the first types
of thoughts that came to the students’ minds (e.g., using proportions while finding an angle)
and conducted inquiries regarding them. The pre-service teachers’ inability to associate the
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objective with the doing statistics resulted in their failure to anticipate students’ ways of
thinking and the potential difficulties they could encounter. The pre-service teachers
overlooked both the operational (e.g., which degree a data in the bar chart corresponds to in
the pie chart) and conceptual (e.g., meaning of bars in a pie chart and the relationship of
graphs with the process of doing statistics) difficulties students could encounter.
During the implementation, although the pre-service teachers allowed the students to
work on the tasks in groups to monitor their thoughts, they did not attempt to reveal the
students’ solutions. Although the pre-service teachers used group work, an essential practice
in creating the monitoring environment during the implementations, they did not attempt to
elicit students’ answers. Though the pre-service teachers asked the students to work on the
tasks during the implementation, they could not monitor students’ thoughts. While the preservice teachers were walking around the groups, the students asked some questions such as
Why do we draw the pie chart? We already know the bar chart. Although such questions
were very suitable to start a discussion, the pre-service teachers could not monitor these
thoughts. However, through monitoring, teachers can find important opportunities to think
about the meaning of students’ thoughts and enable all students construct this meaning
during the discussion (Brendehur & Frykholm, 2000; Lampert, 2001). This will support the
teacher to understand students’ thoughts in depth and relate them to the objective of the
lesson (Stein et al., 2008). The difficulties the pre-service teachers experienced in
anticipating and monitoring resulted in their failure to select and sequence the students’
thoughts and connecting with statistical ideas.
The reasons for the difficulties experienced by the pre-service teachers can be evaluated
under a few headings. First of these may be the shortages in the pre-service teachers’ content
and pedagogical content knowledge because the pre-service teachers’ lack of knowledge
about doing statistics might have caused them to anticipate the course objectives and
students’ thoughts procedurally and might have caused them to overlook the students’
thoughts and the difficulties they could experience about doing statistics. In the literature,
similar points have been emphasized and there is a strong correlation between pre-service
teachers’ knowledge and their anticipation and monitoring students’ knowledge (Ball et al.,
2008; Garfield & Ben-Zvi, 2008; Heaton & Mickelson, 2002; Hill et al., 2005; Llinares et
al., 2016; Young, 2015). Another reason causing pre-service teachers to have the limited
ability of anticipating and monitoring is believed to be a lack of experience. Their inadequate
experience in teaching might have resulted in their incompetent knowledge and skills about
students (Burroughs & Luebeck, 2010; Meiliasari, 2019). In the literature, researchers also
reported that while preparing lesson plans, teachers/pre-service teachers do not usually deal
with students’ thoughts in a detailed and profound manner and that they remain inadequate
in unexpected situations related to students (Eskelson, 2013; Meiliasari, 2019; Young, 2015).
The difficulties experienced by the pre-service teachers in anticipating and monitoring
resulted in their inability to go through the following stages of the discussion environment.
In other words, they could not select and sequence students’ thoughts in such a way to bring
them to the discussion environment and connect them with statistical ideas. Similar
difficulties have also been pointed out in the literature (Eskelson, 2013; Tyminski et al.,
2014). Tyminski et al. (2014) stated that pre-service teachers highlight their concerns about
the extent to which students can understand rather than selecting and sequencing to enrich
the discussion environment and that they cannot be successful in connecting.
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With the process progressing, in the revision and lesson planning meetings, the preservice teachers focused more on the purposes of the objectives and the issue of anticipating
students’ thoughts. While, at the beginning, these anticipations were more on the operational
dimension, they later shifted towards the conceptual dimension. The pre-service teachers
were observed to anticipate both the purposes of the objectives and students’ ways of
thinking by placing doing statistics into the center. For example, while they first focused on
the drawing graphs, they later focused on the function of the formulated question and graphs
in this process and addressed the difficulties to be experienced by students in their lesson
plans and implementations. Considering the students’ thoughts within the context of doing
statistics caused them to revise the drafts they had prepared in this direction. The
development of the pre-service teachers’ ability to anticipate positively affected the
development of the other stages related to discussion skills. Similar findings have been
reported in the literature (Smith & Stein, 2011; Young, 2015). In the literature, the necessity
of anticipating is underlined.
The pre-service teachers who were initially inadequate in monitoring attempted to elicit
students’ thoughts in the later stages of the process. During the second lesson study at the
university implementation, the pre-service teacher observed that the students made mistakes
while connecting their lines in constructing the line graph. Thus, Şirin started a discussion
with a question leading the students to think about why lines were drawn while constructing
a line graph. This can be considered as proof of their improvement in monitoring. Similarly,
in the third lesson at the university implementation, the question asked by the pre-service
teacher, What is more important, the temperature data or the change? can be considered an
indication of their progress in monitoring students.
The reasons behind the improvement of the pre-service teachers’ ability to anticipate and
monitoring can be evaluated under a few headings. First of these is the implementations
conducted by the pre-service teachers. Their inability to answer students’ unexpected
questions during the implementations made them realize that they needed to improve their
anticipation skills of students’ thoughts. In addition, increasing knowledge and skills related
to critical student lens in this process is thought to trigger development in anticipating
(Fernandez et al., 2003; Young, 2015). Another reason contributing to the improvement of
the ability to anticipate is the lesson planning and revision meetings. Meanwhile, in addition
to the questioning of other pre-service teachers, expert questioning helped the pre-service
teachers to recognize that they need to think about the purposes of objectives and students’
thoughts in greater detail. A similar emphasis has been made in the literature (Llinares et al.,
2016). The pre-service teachers’ recognizing that they need to think in greater detail led them
to do more research. As a result of this research, they learned more about how to address
students’ answers, started to think more comprehensively about students’ thoughts, and
started to focus on the purposes of objectives more conceptually. The literature emphasizes
that evaluating students’ understanding of the same or similar concepts/tasks is important
for teachers/pre-service teachers (Stein et al., 2008; Wilson et al., 2015). In the final lesson
study, their anticipations about how students think increased and shaped their lesson plans
accordingly. Moreover, they made more additions to their lesson plans regarding difficulties,
mistakes, and misconceptions.
The importance of anticipating the processes about the course/task objectives of both
teachers and pre-service teachers was emphasized. Another point noticed in the literature is
the effort to develop the mentioned anticipates is stated as an effective factor in the
construction and maintenance of classroom discussions (Lampert, 2001; Smith & Stein,
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2011; Stein et al., 2008; Stigler & Hiebert, 1999; Tyminski et al., 2014; Young, 2015). Smith
et al, (2013) noted that the development of teachers’ ability to anticipate is an important
factor in improving the quality of instruction.
As the process progressed, the pre-service teachers selected student thoughts more
purposefully and connected this purpose with the doing statistics. The reasons for the
development of the pre-service teachers in purposefully selecting students’ thoughts can be
evaluated under several headings. The first of these is their improvement in anticipating and
monitoring both the lesson objective and student thoughts. Thinking think deeply about the
objectives of lessons and considering student thoughts accordingly support pre-service
teachers’ selecting student thoughts in a purposeful manner. The literature emphasizes the
importance of teachers’ handling student responses in a purposeful way (Lampert, 2001;
Stigler & Hiebert, 1999). However, similar changes were not observed in their sequencing
skills. At this point, the main reason for the difficulties of the pre-service teachers might be
the lack of experience. They did not include sequencing in the implementations they carried
out probably because they were unaware of the importance of sequencing student thoughts.
In this manner, the results of this study are inconsistent with some studies in the literature.
For example, in the results obtained by Pang (2016), teachers were more successful in
selecting and sequencing as the process progressed, while Eskelson (2013) observed that
teachers could not select and sequence.
Although initially the pre-service teachers had difficulty connecting students’ thoughts,
they later made connections between the purposes of the course/objective and statistical
ideas in the later stages of the process. At first, this connection was limited; however, the
pre-service teachers were more successful in the last lesson study. For example, in the last
lesson study, a clear connection was made with this function. Here, the pre-service teacher
asked students to discuss the similarities and differences between the bar and pie graphs,
between the pie graph and line chart, and between the bar graph and line chart and in this
way, provided important opportunities for students to learn about the functions of different
representations and their powers of answering the formulated question. Then, she connected
the emerging ideas with doing statistics. This was also an important opportunity for the
students having difficulties. For example, in the last lesson study implementation, while she
was selecting students’ thoughts, she saw that the students associated the purpose of drawing
graphs not with the formulated question but with keywords. Later, she started a discussion
to question this issue and enabled students who had not made any connection to make this
connection.
The literature emphasizes that the teacher’s connecting students’ answers to each other
will make the discussion more effective (Stein et al., 2008). In the present study, one of the
most important reasons for the pre-service teachers’ success in making a connection with the
course objectives is that they clearly stated the lesson’s objectives in the planning process
and built tasks on these objectives. The development of their knowledge about students’
thoughts also supported this. Smith and Stein (2011) stated that the prerequisite for teachers
to make successful connections is good foresight. Moreover, the existing research points out
that mastering students’ thoughts can support connecting the course/objectives with big ideas
(Ball, 2001; Brendehur & Frykholm, 2000). In the literature, there are also some studies
reporting different results. Research on pre-service teachers and teachers revealed that
teachers and pre-service teachers successfully created discussion environments to make
connections with the objectives of the lesson (Tyminski et al., 2014). Pang (2016), on the
other hand, got teachers to participate in lesson study implementations, and only in the last
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week of the five-week process were the teachers able to make successful connections.
Eskelson (2013), on the other hand, stated that as the teachers could not anticipate they had
great difficulties in making connections. The literature argues that making connections is
one of the most challenging practices for teachers (Inoue, 2011; Pang, 2016).
Researchers drew attention to some basic principles in the conceptual learning of
statistics (Ben-Zvi, 2011; Cobb & McClain, 2004). One of these principles is to support
classroom discussions. Supporting classroom discussions allows students to generate
arguments about the ideas involved in statistical research and to make evaluations by
focusing on the “why” of these arguments. This makes it possible for students to make sense
of important ideas of statistics rather than memorizing them (Ben-Zvi, 2011; Cobb &
McClain, 2004). This shows the necessity of teachers’ knowing the discussion skills. In this
regard, the current study is believed to make some contributions to the literature.
At this point, it is thought that it is necessary to state some limitations of this study. The
discussion practices covered within the context of the study were not part of the lesson study
activities the pre-service teachers carried out. In other words, no special training on the
discussion practices was given to the pre-service teachers. The pre-service teachers were
expected to recognize the importance of these practices on their own. In this connection, it
can be suggested that training can be given to pre-service teachers on these practices in future
studies, and the study should be carried out after this training. For example, the lesson plans
they will prepare may include instructions for discussion skills. Finally, the findings show
that pre-service teachers’ knowledge directly affects their discussion skills. In this regard,
pre-service teachers’ discussion skills can be examined after the training that will support
the development of their knowledge.
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