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6 The Normal Distribution
6.1 Looking at your Data

The normal distribution is a very  useful way of summarising
and working with data sets. Many data sets, such as IQ
(intelligence quotient), shoe size, length of travel time
between two locations, etc. can be approximated by a
distribution of the form shown opposite, that is, bell-
shaped and symmetric about the mean.

The following data gives the length from top to tail (in millimetres) of a large group of
frogs.  This has been run through a computer package so you can see some useful facts
about the data.

Frog Data

83 69 97 53 89 95 105 80 76 117 74
91 100 77 110 68 118 87 97 78 100 95
73 103 96 72 71 99 121 81 104 68 89
87 96 87 72 79 102 98 97 88 87 86

103 79 104 105 91 82 102 75 95 90 62
65 97 86 97 111 98 92 74 88 84 80
95 96 92 95 100 90 91 95 75 70 84
80 98 96 94 101 85 113 96 103 98 95
84 84 97 95 108 94 79 81 92 85 87
90 85 82 81 97 79 90 90 94 98 73
91 91 107 102 89 85 98 84 91 90 86

113 86 93 77 100 96 90 97 109 102 84
85 87 97 92 107 102 104 94 93 75 96
91 117 91 87 118 96 89 88 111 120 92
76 94 104 80 77 94 84 78 73 92 81
83 104 91 91 96 88 115 96 74 88 86
80 98 101 95 96 102 78 97 80 87 82
72 78 108 91 91 91 110 86 101 81 97
82 97

N MEAN MEDIAN TRMEAN STDEV MIN MAX Q1 Q3
      Frogs 200 90.905 91.000 90.822 11.701 53.000 121.000 83.250 97.000
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6.1

In the computer analysis you will see that most of the frogs are close to the mean value,
with fewer at the extremes.  This 'bell-shaped' pattern of distribution is typical of data
which follows a normal distribution. To obtain a perfectly shaped and symmetrical
distribution you would need to measure thousands of frogs.

You may notice that median  ≈  mean ≈  mode, as might be expected for a symmetrical
distribution.  From the analysis of data you also see that the mean is 90.9 mm and the
standard deviation is 11.7 mm.  Now look at how much of the data is close to the mean,
i.e. within one standard deviation (SD or s.d.) of it.  From the stem and leaf table you can
see that 74 frogs have a length within one standard deviation above the mean and 59
within a SD below the mean.

Altogether, 133 frogs are or one+ −  SD from the mean, which is  66.5% of the
population sample.

IQ test scores, and the results of many other standard tests, are designed to be normally
distributed with mean 100 and standard deviation 15.

In fact, the normal distribution is designed so that 68% of the population lie within
1 standard deviation of the mean, 95% within 2 standard deviations, and can be
summarised as:

Therefore statements such as the following can be made:

'68% of all people should achieve an IQ score between 85 and 115.'

'Only 2 1
2 % of people should have an IQ score less than 70.'

'Only 1 in a 1000 people have an IQ greater than 145.'

Deviation from the mean 0-1 SD 1-2 SD 2-3 SD over 3

Proportion of population 34% 13 1
2 % 2 1

2 % negligible

↓
cumulative
frequency

Stem and leaf of frogs  (including cumulative frequency in both directions)

Leaf Unit  =    1.0  N  =   200

1 5 3
1 5
2 6 2
6 6 5  8  8  9

1 7 7 0  1  2  2  2  3  3  3  4  4  4
3 3 7 5  5  5  6  6  7  7  7  8  8  8  8  9  9  9  9
5 7 8 0  0  0  0  0  0  1  1  1  1  1  2  2  2  2  3  3  4  4  4   4  4  4  4
8 5 8 5  5  5  5  5  6  6  6  6  6  6  7  7  7  7  7  7  7  7  8  8  8  8  8  9  9  9  9

(3 4) 9 0  0  0  0  0  0  0  1  1  1  1  1  1  1  1  1  1  1  1  1  2  2  2  2  2  2  3  3  4  4  4  4  4  4
8 1 9 5  5  5  5  5  5  5  5  5  6  6  6  6  6  6  6  6  6  6  6  7  7  7  7  7  7  7  7  7  7  7  7  8  8  8  8  8  8  8  9
4 1 1 0 0  0  0  0  1  1  1  2  2  2  2  2  2  3  3  3  4  4  4  4  4
2 0 1 0 5  5  7  7  8  8  9
1 3 1 1 0  0  1  1  3  3

7 1 1 5  7  7  8  8
2 1 2 0  1

cumulative
frequency

↑
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Exercise
1. A survey showed that the average height of 16-19 year olds was approximately

169 cm with SD 9 cm.  Assuming the data follows a normal distribution, find:

(a) the percentage of sixth formers taller than 187 cm;

(b) the percentage of sixth formers smaller than 160 cm;

(c) in a sixth form of 300, the number of students smaller than 151 cm.

(Note these are not truly normal, as the pattern for girls and boys is different.)

6.2 The P.D.F. of the Normal
If you could work in only whole numbers of SDs, the number of problems that could be
solved would be limited.  To calculate the proportions or probabilities of lying within so
many SDs of the mean, you need to know what is called the probability density
function, p.d.f.

A distribution for a continuous populations is defined by
its p.d.f., denoted by f x( ) and is such that

P X a≤( ) = f x d x
a

( )
−∞∫

and f x( )
−∞

∞

∫ = 1

Although the normal distribution is symmetric, not all distributions are.

The famous German mathematician, Carl Friedrich Gauss
(1777-1855) developed the normal distribution, sometimes
called the Gaussian distribution.

It is given by the formula

f z e z( ) = −1
2

1
2

2

π

z is called the standard normal variate and represents
a normal distribution with mean 0 and SD 1.  The graph
of the function is shown opposite.

Note that the function f z( )  has no value for which
it is zero, i.e. it is possible, though very unlikely, to
have very large or very small values occurring.

In order to find the probabilities of all possible SDs
from the mean you would have to integrate the
function between the values, that is, find the area
under the graph between certain limits.  This is a
tedious task and to avoid this, tables of the function
are commonly used and these are readily available
on some calculators.

6.1

a x

(x)f

-3 -2 -1 0 1 2 3

0.1

0.2

0.3

0.4

f(z)

z
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We define
Φ z P Z z( ) = <( )

= ( )
−∞∫ f z d z
z

So  Φ z( )   denotes the cumulative probability up to
the value of  z.

For positive z, the function gives you the
probability of being less than z SDs above the
mean.

For example, Φ 1.0 0.84313( ) = ,  therefore 84.13%
of the distribution is less than one SD above the
mean.

Tables usually give the area to the left of z and only
for values above zero.  This is because symmetry
enables you to calculate all other values.

Worked Example 1

What is the probability of being less than 1.5 SDs below the mean i.e. Φ −( )1 5. ?

Solution
From tables,

Φ +( )1 5.  =   0 93319.

and by symmetry,

Φ −( )1 5.  =    1 0 93319− .   =   0.06681

i.e. about  6.7%.

A random variable, Z, which has this p.d.f. is denoted by

Z N~ ,0 1( )

showing that it is a normal distribution with mean 0 and standard deviation 1.

This is often referred to as the standardised normal distribution.

Worked Example 2
If Z N~ ,0 1( ), find

(a) P Z >( )1 2. (b) P Z− < <( )2 0 2 0. .  (c) P Z− < <( )1 2 1 0. .

6.2

0 1.5–1.5

0 1

84.13%
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6.2

Solution
(a) P Z >( ) = − ( )1 2 1 1 2. .Φ

   = −1 0 88493. (from tables)

    = 0 11507.

(b) P Z− < <( )2 0 2 0. .

    = <( ) − < −( )P Z P Z2 0 2 0. .

    = ( ) − >( )Φ 2 0 2 0. .P Z

    = ( ) − − <( )( )Φ 2 0 1 2 0. .P Z

= ( ) −2 2 0 1Φ .

= × −2 0 97725 1.

= 0 9545.

(c) P Z− < <( )1 2 1 0. .

    = <( ) − < −( )P Z P Z1 0 1 2. .

    = <( ) − >( )P Z P Z1 0 1 2. .

    = ( ) − − ( )( )Φ Φ1 0 1 1 2. .

    = − −( )0 84134 1 0 88493. .

             = 0 72627.

You can also use the tables to find the value of a  when P Z a>( ) is a given value and
Z N~ ,0 1( ). This is illustrated in the next worked example.

Worked Example 3
If  Z N~ ,0 1( ), find a such that

(a) P Z a<( ) = 0 90.

(b) P Z a>( ) = 0 25.

Solution
(a) Here Φ a( ) = 0 90. , and from the tables

  a ≈1 28.

(b) Here Φ a( ) = − =1 0 25 0 75. .  and from the tables
  a ≈ 0 67.

0 1.2

0–2 2

0–1.2 1

0 a

0.90

0 a

0.25

a
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Note
If you have not used the Normal distribution before, you will need to practise finding
probabilities such as those given in the Exercises below. It is always very helpful to draw
a sketch and indicate on it the area to be found. This will enable you to estimate the
probability and ensure that there is no misconception when you evaluate the probability
from the tables.

Exercise
1. If Z N~ ,0 1( ), find

(a) P Z >( )0 82. (b) P Z <( )0 82. (c) P Z > −( )0 82.

(d) P Z < −( )0 82. (e) P Z− < <( )0 82 0 82. . (f) P Z− < <( )1 1

(g) P Z− < <( )1 1 5. (h) P Z0 2 5< <( ). (i) P Z < −( )1 96.

(j) P Z− < <( )1 96 1 96. .

6.3 Transformation of Normal P.D.Fs
The method needed to transform any normal variable to the standardised variable is
illustrated in the example below.

Worked Example 1
Eggs laid by a particular hen are known to have lengths normally distributed, with mean
6 cm and standard deviation 1.4 cm.  What is the probability of:

(a) finding an egg bigger than 8 cm in length;

(b) finding an egg smaller than 5 cm in length?

Solution
(a) The number of SDs that 8 is above the mean is given by

z x
=

−
=

−
=

µ
σ

8 6
1 4 1 429. .

but Φ 1 43.( )  =  0.92364   (from tables)

so P X >( ) = − =8 1 0 92364 0 07646. . .

(b) z =
−

= −
5 6
1 4

0 7143
.

.

but Φ 0 7143 0 7625. .( ) =    (from tables using interpolation),

so P X <( ) = − =5 1 0 7625 0 2375. .

6 85

6.2
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Note that in order to find the probability you need to establish whether you need the area
greater than a half or less than a half.  Drawing a diagram will help.

When a variable X follows a normal distribution, with mean m and variance  σ 2,  this is
denoted by

X N~ ,µ σ 2( )

So in the last example,  X N~ , .6 1 42( ).
To use normal tables, the transformation

Z X
=

− µ
σ

is used.  This ensures that Z has mean 0 and standard deviation 1, and the tables are then
valid.

The tallest person in recorded history for whom there is irrefutable evidence of height is
Robert Wadlow (1918 - 1940), an American who was born and raised in Illinois. He
reached the height of 2.72 m (8 ft 11.1 in)

Using the UK data on heights in the Exercise in section 6.1, the z value for Robert
Wadlow's height is

z =
−

≈
272 167 3

9 1 11 5.
. .

So his height is 11.5 SDs above the mean.  The most accurate tables show that  6 SDs is
only exceeded with a probability of  10 10− , so it is extremely unlikely that a taller person
will ever appear in our lifetime!

Worked Example 2
If X N~ ,4 9( ) , find

(a) P X >( )6 (b) P X >( )1

Solution

Now Z X X
=

−
=

−µ
σ

4
3

.

(a) Hence

P X P X>( ) = − <( )6 1 6

= −
−⎛

⎝
⎞
⎠

1 6 4
3

Φ

= − ( )1 0 67Φ .

= −1 0 74857.

= 0 25143.

6.3

4 6
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(b) P X P X>( ) = <( )1 7 (by symmetry)

=
−⎛

⎝
⎞
⎠

Φ
7 4

3

= ( )Φ 1

= 0 84134.

Exercises
1. If X N~ ,200 625( ), find

(a) P X >( )250 (b) P X175 225< <( ) (c) P X <( )275

2. If X N~ ,6 4( ) , find

(a) P X >( )8 (b) P X4 8< <( ) (c) P X5 9< <( )

3. If X ~ ,−( )10 36 , find

(a) P X <( )0 (b) P X− < < −( )12 8 (c) P X− < <( )15 0

4. Components in a personal stereo are normally distributed with a mean life of 2400
hours with SD 300 hours.  It is estimated that the average user listens for about
1000 hours in one year.  What is the probability that a component lasts for more
than three years.

5. The maximum flow of a river in Africa during the 'rainy season' was recorded over
a number of years and found to be distributed

N 6300 19002 3 1,( ) −m s

For the banks to burst a flow of 8700 3 1m s−  is required.  What is the probability of
this happening in a particular year?

6. IQs are designed to be N 100 225,( ) .  To join Mensa an IQ of 138 is required.
What percentage of the population are eligible to join?

A psychologist claims that any child with an IQ of 150 +  is 'gifted'.  How many
'gifted' children would you expect to find in a school of 1800 pupils?

7. Rainfall in a particular area has been found to be N 850 1002,( )  mm over the
years.  What is the probability of rainfall exceeding 1000 mm?

8. In a verbal reasoning test on different ethnic groups, one group was found to have
scores distributed N 98 42 15 312. , .( ) .  Those with a score less than 80 were deemed
to be in need of help.  What percentage of the overall group were in need of help?

6.3

41
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6.4 More Complicated Examples
The following examples illustrate some of the many uses and applications of the normal
distribution.

Worked Example 1
A machine produces bolts which are  N 4 0 09, .( ) , where measurements are in mm.  Bolts
are measured accurately and any which are smaller than 3.5 mm or bigger than 4.4 mm
are rejected.  Out of a batch of 500 bolts how many would be acceptable?

Solution

P X <( ) =
−( )⎡

⎣
⎢

⎤

⎦
⎥ ≈ ( ) =4 4

4 4 4
0 3

1 33 0 90824.
.

.
. .Φ Φ   

P X <( ) = −( )⎡

⎣
⎢

⎤

⎦
⎥ ≈ −( ) =3 5

3 5 4
0 3

1 67 0 04746.
.

.
. .Φ Φ

Hence P X3.5 < < 4.4( ) ≈ −0 90824 0 04746. .

    = 0 86078.

The number of acceptable items is therefore
0 86078 500 430 39 430. .× = ≈   (to nearest whole number).)

Worked Example 2
 IQ tests are measured on a scale which is  N 100 225,( ) .  A woman wants to form an
'Eggheads Society' which only admits people with the top 1% of IQ scores.  What would
she have to set as the cut-off point in the test to allow this to happen?

Solution
From tables you need to find z such that  Φ z( ) = 0 99. .

This is most easily carried out using a 'percentage points of the normal distribution' table,
which gives the values directly.

Now Φ− ( ) =1 0 99 2 3263. .

which is an alternative way of saying that

Φ 2 3263 0 99. .( ) =

(Check this using the usual tables.)

This means that

x −
=

100
225

2 3263.

Hence x = + ×100 2 3263 15.

    =   134 8945 134 9. .≈
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Worked Example 3
A manufacturer does not know the mean and SD of the diameters of ball bearings he is
producing.  However, a sieving system rejects all bearings larger than 2.4 cm and those
under 1.8 cm in diameter. Out of 1000 ball bearings 8% are rejected as too small and
5.5% as too big.  What is the mean and standard deviation of the ball bearings produced?

Solution
Assume a normal distribution of

Φ− −( ) =1 1 0 08 1 4. .

so 1.8 is 1.4 standard deviations below mean.

Also Φ− −( ) =1 1 0 055 1 6. .

so  2.4 is 1.6 standard deviations above the mean.

This can be written as two simultaneous equations and solved:

µ σ+ =1 6 2 4. .

µ σ− =1 4 1 8. .
 Subtracting,

     3 0 0 6. .σ =
⇒      σ = 0 2.

Using the first equation,

µ + ×( ) =1 6 0 2 2 4. . .

⇒ µ = − ×( )2 4 1 6 0 2. . .

⇒ µ = 2 08.

So diameters are distributed  N 2 08 0 22. , .( ) .

Exercises
1. Bags of sugar are sold as 1 kg.  To ensure bags are not sold underweight the

machine is set to put a mean weight of 1004 g in each bag.  The manufacturer
claims that the process works to a standard deviation of 2.4.  What proportion of
bags are underweight?

2. Parts for a machine are acceptable within the 'tolerance' limits of 20.5 to 20.6 mm.
From previous tests it is known that the machine produces parts to

N 20 56 0 02 2. , .( )( ).
Out of a batch of 1000 parts how many would be expected to be rejected?

3. Buoyancy aids in watersports are tested by adding increasing weights until they
sink.  A club has two sets of buoyancy aids.  One set is two years old, and should
support weights according to N 6 0 0 64. , .( )  kg;  the other set is five years old and

6.4
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should support weights of N 4 5 1 0. , .( ) kg.  All the aids are tested and any which
are unable to support at least 5 kg  are thrown out.
(a) If there are 24 two-year-old aids, how many are still usable?
(b) If there are 32 five-year-old aids how many are still usable?

4. Sacks of potatoes are packed by an automatic loader with mean weight 114 lb.  In a
test it was found that 10% of bags were over 116 lb.  Use this to find the SD of the
process. If the machine is now adjusted to a mean weight of 113 lb, what % are
now over 116 lb if the SD remains unaltered?

5. In a soap making process it was found that 6 2
3 % of bars produced weighed less

than 90.50 g and 4% weighed more than 100.25 g.
(a) Find the mean and the SD of the process.
(b) What % of the bars would you expect to weigh less than 88 g?

6. A light bulb manufacturer finds that 5% of his bulbs last more than 500 hours.  An
improvement in the process meant that the mean lifetime was increased by 50
hours .  In a new test, 20% of bulbs now lasted longer than 500 hours.
Find the mean and standard deviation of the original process.

7. The masses of plums from a certain orchard have mean 24g and standard deviation
5g.  The plums are graded small, medium or large.  All plums over 28g in mass are
regarded as large and the rest equally divided between small and medium.

Assuming a normal distribution find:

(a) the proportion of plums graded large;

(b) the upper limit of the masses of the plums in the small grade.

8. The weights of pieces of home made fudge are normally distributed with mean
34 g and standard deviation 5 g.

(a) What is the probability that a piece selected at random weighs more
than 40g?

(b) For some purposes it is necessary to grade the pieces as small, medium or
large.  It is decided to grade all pieces weighing over 40 g as large and to
grade the heavier half of the remainder as medium.  The rest will be graded
as small.  What is the upper limit of the small grade?

9. Yuk Ping belongs to an athletics club.  In javelin throwing competitions her throws
are normally distributed with mean 41.0 m and standard deviation 2.0 m.

(a) What is the probability of her throwing between 40 m and 46 m?

(b) What distance will be exceeded by 60% of her throws?

Gwen belongs to the same club.  In competitions 85% of her javelin throws exceed
35 m and 70% exceed 37.5 m.  Her throws are normally distributed.

(c) Find the mean and standard deviation of Gwen's throws, each correct to two
significant figures.

(d) The club has to choose one of these two athletes to enter a major
competition.  In order to qualify for the final round it is necessary to achieve
a throw of at least 48 m in the preliminary rounds.  Which athlete should be
chosen and why?

6.4
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